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Abstract 



We characterise the virtually abelian groups which are fundamental groups 
of compact Kahler manifolds and of smooth projective varieties. We show 
that a virtually abelian group is Kahler if and only if it is projective. In 
particular, this allows to describe the Kahler condition for such groups in 
terms of integral symplectic representations. 

1 Introduction 

A connection between Kahler geometry and topology is made by the topic of 
Kahler groups. A group is called Kahler, if it is isomorphic to the fundamental 
group of a compact Kahler manifold. Note that Kahler groups are finitely gen- 
erated and even finitely presented, since the associated manifold is compact by 
assumption. Not all finitely presented groups are Kahler groups. Well known 
restrictions stem from Hodge-theory, see [2] for various results. 

More restrictively, a compact complex manifold is called projective if it em- 
beds holomorphically as a subvariety of complex projective space. A projec- 
tive manifold is also a Kahler manifold, and its fundamental group is called 
a projective Kahler group. It is widely believed that the class of Kahler and 
projective groups coincide. An important remark is due to J. P. Serre IITSl prop. 



Theorem. Every finite group G is the fundamental group of a smooth projective va- 
riety Xq- 
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We would like to understand how the class of Kahler groups behaves with 
respect to finite extension of groups. Since not much seems to be known about 
this particular question, the aim of this paper is to study the situation in a 
specific and accessible context: A group is called virtually abelian if it is an 
extension of an abelian group by a finite group. We shall examine the following 
question: Which virtually abelian groups are Kahler and which are projective? 

1.1 Kahler and projective groups 

Let r be a virtually abelian group. Since we also assume F to be finitely gener- 
ated, there is an exact sequence 

— ^z" — — — ^1 , (1) 

where G is a finite group. Via conjugation in F, the extension defines the char- 
acteristic representation ji : G ^ GL(n, Z). 

Recall that a complex structure on K" is a linear map J : M" ^ M" with 
= —id. It is called /i-invariant, for a representation ji : G ^ GL(n, R), if 
IJ,{g)J = Jf^ig), for all g E G. We shall say that the virtualy abelian group F 
admits a complex structure, if there exists a complex structure on M", which is 
invariant by the characteristic representation 

Theorem 1.1. The group F is Kahler if and only if it admits a complex structure. 

Remark, as follows from elementary Hodge theory, if the torsionfree abelian 
group Z" is Kahler then n = 2A: is even. For a Kahler group F, n is thus even in 
the above exact sequence. Theorem 11.11 gives a more precise condition. It also 
shows that the Kahler condition for F depends only on the characteristic repre- 
sentation /i. In particular, it does not depend on the characteristic cohomology 
class of the extension Q. 

We proceed now to provide a characterization of virtually abelian projective 
groups. For this, recall that a two-form uj G is called a polarisation for 

J (with respect to the lattice Z") if the following conditions are satisfied: 

1. L0{J-,J-)=u{-r), 

2. g = uj{J-, ■) is positive definite, 

3. cj(Z",Z") C Z. 

Accordingly, if there exists a polarisation then the complex structure J is called 
polarisable. 

Theorem 1.2. The group F is projective Kahler if and only if it admits a polarisable 
complex structure. 

We call an integral representation symplectic if it preserves a non-degenerate 
alternating two-form uj e /\^(Z")*. We can add the following characterisation 
of the projectivity condition for F: 



2 



Theorem 1.3. The following conditions are equivalent: 

1. r admits a polarisable complex structure. 

2. The characteristic representation ^ for T is SLn{1')-coniugate to an integral 
symplectic representation. 

Note that condition 2. does not refer to the existence of a complex structure for 
r. The following consequence (see Theorem ll.9l l is implied: 

Theorem 1.4. The group T is Kdhler if and only if it is projective Kdhler. 

In particular, we obtain a characterisation of the Kahler condition in terms 
of integral symplectic representations. 

Corollary 1.5. The group T is Kdhler if and only if the characteristic representation p 
is conjugate to an integral symplectic representation. 

Fields of definition We may further refine the projectivity condition for F, by 
taking into account the possible fields of definition for projective varieties with 
fimdamental group T. In this direction, we remark: 

Theorem 1.6. If the virtually abelian group T is KUhler then there exists a smooth 
algebraic subvariety X o/F^C, ivhich is defined over an algebraic number field and 
has fundamental group T. 

1.1.1 Flat and aspherical Kahler groups 

Flat Kahler manifolds are constructed as quotients M = C'^/F, where F < 
C*"' XI U{k) is a discrete and torsionfree subgroup of the isometry group of C'^. 
By a famous theorem of Bieberbach (see, for example, [26]), A = F n C*"' is 
a lattice in C'^ and of finite index in F. In particular, F is a virtually abelian 
group. Conversely, if F is a torsionfree virtually abelian Kahler group, it may 
as well be represented as the fundamental group of a flat Kahler manifold. In 
fact, we obtain: 

Corollary 1.7. Let F be torsionfree. The following conditions are equivalent: 

1. r is a torsionfree Kdhler group. 

2. r is the fundamental group of aflat Kdhler manifold. 

3. F is the fundamental group of a flat Kdhler manifold which is projective. 

The following concept is closely related. Recall that a manifold is called 
aspherical if its universal covering space is contractible. Henceforth, a Kahler 
group is called aspherical if it is the fundamental group of a compact aspherical 
Kahler manifold. Combining with results from (Sj, we can state: 

Corollary 1.8. The following conditions are equivalent: 

1. T is an aspherical Kdhler group. 

2. T is a Kdhler group which is torsionfree. 
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1.2 Deformation of complex representations to integral sym- 
plectic representations 

The above results translate into the following representation theoretic result: 

Theorem 1.9. Let G be a finite group and V a finite-dimensional <Q[G]-module. Then 
the following conditions are equivalent: 

1. V i^R has a G-invariant complex structure J. 

2. V is isomorphic to a symplectic Q[G]-module W. 

3. There exists a G-invariant complex structure J' onV ® R, which is polarisable. 

(W is called symplectic if it admits a non-degenerate G-invariant two-form.) 

The method of our proof allows to show slightly more. Let X)(G) denote 
the set of G-invariant complex structures on 1/ (g) R. Then the implication from 
1. to 3. in Theorem |1.9| will be implied by 

Theorem 1.10. Let G be a finite group and V a finite-dimensional <Q[G]-module such 
that V (^'R has a G-invariant complex structure J. Then J may be continuously de- 
formed in D{G) to a G-invariant complex structure J', which is polarisable. Moreover, 
the subset T){G)p of polarisable elements in T){G) is dense in D(G). 

1.2.1 Deformation of complex structures on torus quotients 

A complex torus T = C'^/A which is projective is an abelian variety By the 
usual dictionary between complex tori (resp. abelian varieties) and complex 
structures (resp. polarisable complex structures), the previous results can be 
translated into statements about complex tori with a holomorphic G-action: 

Let G be a finite group of automorphisms of a complex torus T, which acts 
freely on T. Let Xq = T/Ghe the quotient complex manifold. Then we may 
view 'S{G) as the deformation space of complex structures for Xq. Thus, The- 
orem lLlOl implies 

Proposition 1.11. The complex structure on Xq may be continuously deformed to a 
projective structure. 

We call a complex manifold deformation rigid if it does not admit any non- 
trivial continuous deformation of its complex structure. The following appli- 
cation concerning Kahler rigidity was suggested to us by F. Catanese: 

Corollary 1.12. Let X be a complex variety which is a finite quotient of a complex 
torus. If Xq is deformation rigid then Xq is a quotient of an abelian variety, in 
particular, Xq is projective. 
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1.3 Notes 



Theorem 11.11 appears as the main result of the diploma thesis llTl . The ana- 
logue of Theorem I 1 . 1 1 concerning flat Kiihler manifolds, and the equivalence of 
2) and 3) in Corollary 1 1 . 71 are the main theorems in Johnson's paper |9 1. 

Serre |19| constructed certain examples of subvarieties X of complex projec- 
tive space, which are defined over algebraic number fields, and whose funda- 
mental groups are semi-direct extensions of Z" by cyclic groups. Our Theorem 
ll.6l extends this construction without the restriction on the fundamental group. 
In [19J, the construction is used to exhibit Galois-conjugate examples X and X' 
of this type with non-isomorphic fundamental group. 

The equivalence of 1. and 3. in Theorem 11.91 is also contained in 0. The 
proof is based on a different approach, using the theory of complex multiplica- 
tion. However, we will pick up this idea in the proof of Theorem ll.6l 

In (16] irreducible symmetry groups of complex tori are investigated from 
the point of view of complex reflection groups. In particular, examples of non- 
polarisable tori with a non-trivial symmetry group are considered. 

By Corollary 11.51 virtually abelian Kahler groups of rank n = 2k can be 
classified in principle by the determination of the finite subgroups of Sp(2A:, Z). 
For k = 1, this list comprises the finite cyclic groups of order 2,3,4,6 (see |l27|, 
for example). Fujiki [7J classifies the finite automorphism groups of abelian 
surfaces, the three dimensional case is covered in [4J . 

1.4 Structure of the paper 

The proofs of Theorem II. II and Theorem ll.2l can be found in sections 2 and 3, 
see Proposition l2.4l and Proposition l3.2l In section 4 we prove Theorem ll.9l (see 
in particular i l4.2.1|l and Theorem II. 101 The latter imply Theorem [L3] and The- 
orem ll.4l Section 5 is devoted to the proof of Theorem ll.6l 
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2 The Picard variety and induced Hodge structure 
on the fundamental group 

In this section, we prove that every virtually abelian Kahler group T admits an 
invariant complex structure J. Furthermore we show, if T is projective then it 
admits a polarised complex structure J' . 

Conventions concerning cohomology groups Let X be a space, and A an 
abelian group. Then Hl^^g{X, A) denotes the singular cohomology groups 
with coefficients in A. Moreover, if X is a manifold and A is a subgroup 
of C, we let {X, A) denote the image of H^^^g {X, A) in the de Rham co- 
homology group H^{X,C) := Hjjj^{X,C) under the de Rham isomorphism 
Hlragi^^ C) ^ h{,j^{X, C). Thus, in particular, Z) denotes the full lat- 

tice in H"{X, R), which is the image of ^//"(X, losing under the coefficient ho- 
momorphism. For any continuous (respectively smooth) map f : X ^ X' , 
there is a well defined induced map on cohomology groups /* : H\X' , E) 
W {X, M), such that /* (X', A)) c W (X, A). 

2.1 Review of Picard varieties 

We start by reviewing the definition of Picard varieties. Let X be a Kahler 
manifold and i?i(X,C) = H^^^iX) ® H°'^{X) the Hodge decomposition. Then 
there is an associated isomorphism of real vector spaces 

3? : H°'\X) ^ H\X,R), 

Thus J :— 3fJ/3fJ~^ is a complex structure on H^{X, R), where / denotes multi- 
plication with i on the complex vector space The complex torus 

Pic°{X) := {H\X,R)/H\X,Z),J) , 

is called the Picard variety of X. By construction, Pic^{X) is biholomorphic to 
H'^'^{X)/H^{X, Z), which yields an equivalent definition. For details, see |5l 
11.11] or [24, 7.2.2]. 

Lemma 2.1. Pic° isfunctorial, that is, if f : X ^ X' is a holomorphic map between 
Kahler manifolds, then f induces a holomorphic map f* : Pic^{X') Pic°{X). 

Proof. Let X, X' be Kahler manifolds and f : X ^ X' a holomorphic map. 
There is an induced map /* : {X', R) {X, M) on the cohomology, such 

that Z)) c H"{X,Z). Hence, /* induces a homomorphism from 

Pic°{X') to Pic°{X). 

Now we show, that /* : Pic^{X') Pic^[X) is holomorphic. For this con- 
sider the induced complex linear map /* : H^(X', C) H^{X, C), given by 
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f*{uj (g) z) := f*uj (8) z. Since / is holomorphic, it preserves the Hodge decom- 
position (see [25]), that is, 

riH^-°{X')) C H^'"{X) , f*{H°'\X')) C H^'\X) . 

Let J be the complex structure of Pic^{X) and J' of Pic^{X') respectively. 
Since /* : H^iX', C) -> H'^iX, C) preserves the real structures, f*^. We 

deduce, that /* J' = J/*. Thus /* is holomorphic. □ 

An abelian variety is a complex torus C'^/A, which is also a projective man- 
ifold. By the criterion of Riemarm |T4l p.35], this is the case, if and only if there 
exists a positive definite hermitian form h on C'"' such that its imaginary part 
cu := 3/i is integral on A x A. The form uj is called a polarisation for A. 

Now let AT be a projective manifold. Then there exists a polarisation uj for 
X. This means, uj is a Kahler form, such that its cohomology class [u] is integral. 
Then the Hodge-Riemann pairing 

h{a, p) = -2i [ cj"-^ AaAP , a,l3e H°^^{X) , 
Jx 

defines a positive definite hermitian form on H'^'^{X). Moreover, its imaginary 
part, u! — 3/i is integral on {X, Z). See [24, 7.2.2] for discussion. In particular, 
it follows 

Lemma 2.2. Let X be a projective manifold. Then Pic^{X) is an abelian variety. 

2.2 Induced invariant Hodge structures on T 

Let r be a virtually abelian Kahler group, and let X be a compact Kahler man- 
ifold with TTi{X) = r. Let X be the universal covering manifold of X. Asso- 
ciated to the exact sequence with characteristic homomorphism ^ : G ^ 
GL„(Z), we consider the holomorphic covering 

p: Xi:^ X/Z" — > X . 

Since this is a regular covering, G = F/Z" identifies with the group of covering 
transformations of p. In particular, G has an induced holomorphic action on 
the Picard variety Pic'~'{Xi). 

Group cohomology If F is a group, and A is an abelian group, we let (F, A) 
denote the j-th cohomology group of F with coefficients in A. In particular, 
H^{T, A) — Hom(F, A). If : F — > F' is a homomorphism of groups there is 
a natural induced homomorphism of cohomology groups (p* : H^{r',A) — * 
H^{r, A). (See [6], for a general reference.) We can formulate now: 

Lemma 2.3. There exists a natural isomorphism 

Pic" {Xi)=H^ (Z" ,m)/H^ (Z" , Z) 
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such that, for all g & G, the diagram 



Pic° {Xi )^^H^ (Z" ,R)/H^{Z''\Z) 



(2) 



Pic°\Xi ) -^^H^ (Z" ,R)'/H^ (Z" , Z) 
commutes. 

Before proving the Lemma, we embark on the following 

Topological digression For the following, see IIT2l Prop 11.4, Thm. 11.5]. Let 
X be a (reasonable) topological space, and F a group which acts properly dis- 
continuously onX. If X is acyclic up to dimension k, that is. 



H,iX) 



, fc > J > 1 ' 



then, for all k > j > 1, there exist natural isomorphisms 



HU(X/T,A)9,HHT,A) 



such that the diagram 



Hi„^^{X/r,A)- 



Hi^^^{x/r,A)^^w{r,A) 

commutes, for all mappings f : X ^ X, and homomorphisms 

filx) = {(t>l)fx , V7 e F, a; e X . 



(3) 



F ^ F with 



Now we give the proof of the above Lemma |23l 

Proof. Let g e G be a covering transformation of p : Xi 
sented by 7 G F, acting on X, such that the diagram 




X, which is repre- 



(4) 



X,-^X, 

is commutative. Then, for all a E Z", x E X, the relation 

•fax = '-fwf^^'fx = {'fa'f^^jjx — ii{g){a)'fx 
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holds. Since X is simply connected, by the theorem of Hurewicz, Hi{M) — 0, 
fl3J .) Applying Q, it follows that there exists a natural isomorphism 

such that the diagram 

Hl,^g{X,,A)^^H\Z\A) (5) 

Hy^^{X^,A)^^H\'L^\A) 

is commutative. Since the change of coefficients is natural, the stated commu- 
tative diagram (|2) is induced by composing with the projection H^'^{X) 
{X, R), and the de Rham isomorphism (X, M) H^^g {X, R). □ 

Proposition 2.4. Let T bea virtually abelian Kdhler group. Then T admits a complex 
structure J.IfT is projective then it also admits a polarisable complex structure J' . 

Proof. Let X be Kahler with 7ri(X) = T. Note that iJi(Z", M) is isomorphic to 
Hom(Z", M), which is just the dual of the module Z" (g) K. Therefore, according 
to Lemma l23l the isomorphism H^{X, M)* = (Z" ® M), is a G-module isomor- 
phism, which is defined over Q. Since G acts by holomorphic transformations 
on Pic^{Xi), the action of G on H^{X^ R) admits an invariant complex struc- 
ture. In particular, by duality, Z" ® M attains a G-invariant complex structure 
J. It thus defines a complex structure for T. Since all identifications are defined 
over Q, the complex structure J is also polarisable if X is projective. □ 

3 Construction of certain Kahler and proj ective man- 
ifolds 

Let r be a virtually abelian group, which admits an invariant complex structure 
J. We construct compact Kahler manifolds with fundamental group T. 

Lemma 3.1. There exists a homomorphism p : F — > C'^ x U{k), which embeds the 
subgroup Z" as a lattice A — p(Z") into C*^. If, in addition, J is polarisable then there 
exists a polarisation for the lattice A. 

Proof. We form the pushout F of with respect to the inclusion l : Z" ^ K". 
This gives a homomorphism of exact sequences: 

1 > Z" > F > G > 1 

t idc , (6) 

1 y K" > f y G > 1 



9 



(Explicitly, the construction of F is as follows: Since F is an extension of Z" by 
G, it is isomorphic to a group of the form 

{I?^ X G,*); (zi,5i)*(z2,.g2) = (^i +Ai(5i)2:2 + v{9i, 92), gm) , 
with ?7 G Z'^{G, 1?^) a two-cocycle with respect to ji. Then F is constructed as 

f := (]R2*= X G,*); c/i) ★ (u2,g2) = ("i + m(5i)w2 + i'7(5i,52),5i52) ■ ) 

Now i?2(G, C*^) = 0, since G is finite (see [6, Chapter 111,§10]). Therefore, the 
second exact sequence splits, and there exists a homomorphism 

1 > K" > f > G > 1 



id. 



idG . (7) 



1 y M" > M" G > G > 1 

The semi-direct product M" x ^ G maps naturally into M" x GL(n, M), which, via 
the above, constructs a homomorphism / : F ^ R" x GL(n, M). Since /^(G) has 
an invariant complex structure, there exists A e GL(ri,M) such that /i"^(G) < 
GL(fc, C). Since pi,^{G) is finite, it admits an invariant hermitian metric, and we 
may as well assume that Af^(G) < U(fc). Thus p{g) = Af{g)A-^ defines the 
required homomorphism 

p : F C'' X U(fc) 

and 

A = p(Z") 

is a lattice in C*^. Assume furthermore that cj is a polarisation for J. Then 

A*Ld {u, v) = uj{A^'^u, A^'^v) 

defines a polarisation for the lattice A in C'''. □ 

Let F be a compact Kahler manifold with tti{Y) = G. Such a manifold 
exists by flHl Proposition 15], in fact, it may be chosen to be projective. Let Y 
be the universal covering of Y, and put 

X := & xY . 

Let /i : F — > G denote the quotient homomorphism. Since G acts on Y by 
covering transformations, we can form the diagonal action of F on X: 

l-{u,y) = {p{j)u, h{-f)y) . 

Note that p(r) is a discrete subgroup of C''' x U{k) and acts with compact quo- 
tient on C'' . In particular, the action of F on X is properly discontinuous. More- 
over, ker p is a finite subgroup of F, which projects isomorphically onto ker p. 
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Therefore the action of F on X is also free, since G acts freely on Y . Since F acts 
by holomorphic transformations on X, the space of orbits 

X := X f )/F 

is a compact complex manifold. Moreover, X is also Kahler, since F acts by 
isometrics of the product metric on X. Put T = C'^/A. Then there is a sequence 
of holomorphic coverings 

X = xY , (8) 

TxY 

X = {Tx Y)/G 
and also a locally trivial holomorphic fibering 

T — > X — >Y . 

We have 

Proposition 3.2. The complex manifold X is compact Kahler, and t^i{X) ~ T. If 
furthermore J admits a polarisation then X is a projective manifold. 

Proof. We already established that X is compact Kahler. If J is polarised, then 
by Lemma |3Al T is an abelian variety. By IITSl Proposition 15], we may choose 
F as a projective manifold. Therefore, T x Y is projective. By the quotient 
lemma (cf. Lemma [3.3| below), X is projective. □ 

Remark, if F is torsionfree then the homomorphism 

F — X U{k) 

constructed above is injective, and moreover, F acts freely on C*^. Therefore, 

T (9) 

M ^ C^/T 

is a holomorphic covering of flat Kahler manifolds, where tii{M) ~ V. If J 
has a polarisation, T is an abelian variety, and thus by Lemma [3. 3 1 the complex 
manifold M — T/G is projective. This proves Corollary ll.71 
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The quotient lemma for Kahler manifolds and projective varieties In the 

following form the quotient Lemma is an immediate application of Kodaira's 
projective embedding theorem. (For the algebraic geometry variant, see section 
1531) 

Lemma 3.3. Let M, M he compact complex manifolds and p : M ^ M be a finite, 
holomorphic covering. Then M is projective, if and only if M is projective. 

Proof. Assume that M is projective. Then there is a Kahler metric such that 
[lj] G H'^{M, Q), where lo is the Kahler form. Let G := Deck{M,p) denote the 
decktransformation group of the covering, which is a finite group. Now put 
9 :— ^g(zG 9*^' where g*uj denotes the pull back of oj by the action of g E G on 
M. Then ^ is a G-invariant two-form on M, and it is also a Kahler form, since 
the covering transformations are holomorphic maps. Its cohomology class [0] G 
( M, Q) is invariant by G. Let 9 be the unique two-form on M which satisfies 
p*9 = 9, and put H^{M, R)^ for the G-invariant cohomology classes. Recall (cf. 
|T2l Prop. 11.14]) that the map p* : H'^{M, R)^ = H'^{M, R) is an isomorphism. 
Since this map is also compatible with the rational structures, it follows that 
[9] e H^{]\I, Q). By Kodaira's theorem (cf. [25, Chapter VI]), AI is a projective 
manifold. 

For the converse, assume that M is a projective manifold and let [9] G 
(M, Q) be the Kahler class of a Kahler metric on AI. Then u; = p*9isa Kahler 
form on M with rational Kahler class. It follows that M is projective. □ 

4 Deformation spaces of torus quotients and exis- 
tence of polarisations 

The local deformation space for a complex torus 

X = T'' 

is represented by the space of all complex structures 

D = {J : K^'^' ^ M^/c I j2 ^ ^ GL(2fc,R)/GL(fc,C) . 
(Compare QOl p.408ff] or lEll §2.1] for details.) Now let 

Xg = X/G 

be a finite quotient, and fi : G ^ GL(fc, C) be the holonomy homomorphism 
associated to the action of G on X (see section |3|. Then 

S)(G) = { J e S I AJA-^ ^ J, for all A in n{G)} 

describes the local deformation space for Xq- 

The main result of this section is: 
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Proposition 4.1. Let J e D{G). Then there exists a continuous deformation J = 
[Jt) : / = [0, 1] ^ 2)(G), with Jq = J, such that Ji is polarisable. 

Moreover, we will show in Proposition |4.13| below that the set D{G)p of po- 
larisable complex structures is dense in D{G). This proves Theorem ll.lOl in the 
introduction. 

We deduce 

Corollary 4.2. Let Xq = T/G be a finite quotient manifold of a complex torus T. 
Then Xq may he continuously deformed to a projective manifold. 

For the proof of Proposition 14.11 we will study the cone of Kahler forms 
VL{G) which is associated to G and relate it to the deformation space ©(G). 

4,1 Kahler forms and Siegel upper half space 

Let J : R^*^' M^'^ be a complex structure. Recall that a non-degenerate two- 
form uj e /\^(M^'^)* is called compatible with J (or J-hermitian), if 

L0iJ;J-)=Uj{;-) ■ 

Thus, equivalently, cj is J-hermitian if and only if J e Sp (w ) . If is J-hermitian 
and the associated symmetric bilinear form g^ j = lu{J-,-) is positive definite 
then UJ is called a Kahler form for J. 

4.1.1 Complex structures with common Kahler form 

We define 

I)+ = { J e D I w is a Kahler form for J}, 

to be the set of all complex structures which admit oj as Kahler form. Note that 
D+ is non-empty and Sp(a;) acts on S+ by conjugation. In fact, this action is 
transitive: 

Proposition 4.3. Let Jq G be a complex structure which has Kahler form uj, and 
let J eD. Then J e Ti+ if and only if there exists A e Sp(a;) such that J = A Jq 

This is a consequence of Lemma l45l below. We obtain 

Corollary 4.4. Let J G £>+. There is a bijective correspondence 

e := Sp(tj)/(Sp(w)nGL(J)) 

Proof. The claimed correspondence is established by the map 

[A] e 6 ^ AJA-^ . (10) 
The correspondence is bijective by Proposition [O] □ 
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Note that Sp(a;) n GL( J) is the unitary group of the associated hermitian 
form gu,.j- It is a maximal compact subgroup of Sp(a;), since J G 2)^^. The space 
& is customarily called the Siegel upper half plane, and it is a Riemannian 
symmetric space in the sense of E. Cartan (cf. |8|). 

4.1.2 Conjugacy classes in Sp(w) 

Let J e Sp(ci;). We put sign (w, J) for the signature of gu.j- The signature 
classifies the conjugacy classes of complex structures J G Sp(cj). 

Lemma 4.5. Let J, J' he complex structures such that J and J' are in Sp(lj). Then 
sign(Lj, J) = sign (a;, J') if and only if there exists A e Sp(Li;) such that J' = 
AJA-^. 

Proof. Clearly, sign (w, J) = sign {uj, J') if J' — AJA~^, for some A e Sp(a;). We 
show now that J and J' are conjugate in Sp(w) if sign (w, J) = sign (w, J'). We 
choose B e GL(2/c, R) such that J' = BJB-\ Then 

{B-'rLo{;-):=Lo{B-';B-'-) 

defines a compatible sympletic form for J'. Since 

9(B-^)'uj,j' = {B~^)*gcu,j , 

we have sign (J', {B~^)*lu) = sign (J', cj). By the existence of a unitary basis, 
all hermitian symmetric forms for J' of the same signature are equivalent un- 
der a J'-linear transformation. Hence, there exists B E GL(2k, J'), such that 
{B^^)*Lu = B*uj. Now we have 

(BBYuj = B*{B*uj) ^ B*{{B-^)*uo) = uo . 

Thus, BB e Sp(w). Since J' = BJ'B-^ = BBJ{BBy^, our claim follows. □ 

4.2 The cone of Kahler forms with respect to G 

Let il c A^l^^^*^)* be the set of all non-degenerate two forms. Then is an 
open cone in the vector space /\ (M^'^)*. For a subgroup G < GL(2fc,M), we 

let ^A^(ll^^'^)*) denote the vector space of G-invariant two forms. We then 
define 

n{G) = nn (^f\{R^'')* 

Let J G 2) be a complex structure. If G is a finite (or compact) subgroup of 
GL( J), there always exists a non-degenerate G-invariant two-form: 

Lemma 4.6. Let G < GL(J) be a finite subgroup. Then there exists a G-invariant 
Kdhlerform uj for J. 
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Proof. Let w' be a Kahler form for J. Since G is finite, we may find (by averag- 
ing uj' over G) a G-invariant Kahler form uj. □ 

In particular, if G is finite the cone n{G) is a non-empty and open subset in the 

vector space (^A^(K^'')*) ■ 

Lemma 4.7. Let uj e n{G). If G is finite then there exists a G-invariant complex 
structure J g S)(G) which has Kahler form uj. 

Proof. By our assumption G < Sp(w). Then G acts by conjugation on the space 
& = D{G)^ of complex structures with Kahler form uj, as is described in Corol- 
lary 1131 By Cartan's theorem (see ! 14.4b , G has a fixed point J in D{G)^. □ 

We call n{G) the cone of Kahler forms for G. 

4.2.1 Rational points in Q{G) 

Next let 

n{G){Q) = n{G) n /\{Q^''r 

denote the set of rational points in n{G). We remark 

Lemma 4.8. Let G < GL(2fc,Q) n GL(J) be a finite subgroup. Then the set of 
rational points fl{G){Q) is dense in fi(G). In particular, ri(G)((Q)) ;s non-empty. 

Proof Since G < GL(2fc,Z), the vector subspace of A^(R^'')* 

is defined by rational equations, and it has a Q-structure given by the vector 

space of rational solutions I^A^IQ^'')*) ■ ^ 

This proves, in particular: 

Proposition 4.9. Let G < GL(2/c,Z) be a finite subgroup, which has an invari- 
ant complex structure J. Then there exists A e GL(2A;,Q) such that AG A^^ < 
Sp(2fc,Q). 

We are ready now for the 

Proof of Theorem \L9\ The equivalence of 1. and 3. is a consequence of Theorem 
11.101 The implication from 1. to 2. is implied by the previous Proposition 14. 9i 
and its converse by Lemma [4. 71 □ 
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Kahler cones and polarisations Let H^'^{J, R) denote the vector subspace of 
J-hermitian forms in /\^(M^'^)*. The set of Kahler forms k(J) for J is an open 
convex cone in H^'^{J, R), which is called the Kahler cone for J. Consider 

H^^\j,Rf = H^'\J,M.) n (^/\'(M'^)*^ 

we then call 

the Kahler cone for J and G. (It is, in fact, the Kahler cone k{Xo) of Xq-) 
Note that the complex structure J admits a polarisation if and only if k( J, G) 
contains a rational point, that is, if 

KiJ,G)n/\\(f''r ^0. 

By Lemma En we have that 

n{G)^ y n{J,G). 

Therefore, we may deduce from Lemma [4.81 

Corollary 4.10. Let G < GL( J) be a finite subgroup. Then there exists J' e T>{G) 
such that k{J',G) has a rational point. 

In the remainder of this section, we shall show that such J' may be obtained 
by a continuous deformation in J)(G) starting from J. 



4.3 Lifting of curves from Q{G) to S)(G') 

Let J e J) be a complex structure, and let G be a Kahler form for J. We 
may lift curves in fl starting in oj to curves in D (G), starting in J: 

Lemma 4.11. Let lj = (ujt) : I ^ be a continuous curve of non-degenerate two- 
forms, and let J e Dj^^. Then there exists a continuous curve J — [ Jt) : I ^ D, with 
Jq = J, such that ujt is a Kahler form for Jt. 

Proof. Note that the transitive action of GL(2fc, M) on il gives an identification 

VL = GL(2fc,M)/Sp(wo) • 

We may thus consider a lift (horizontal lift of the corresponding Sp(tJo )-priricipal 
bundle) of oj, to obtain a continuous curve A = {At) : / GL(2fc, M) such that 

ujt = {At)*ujo- 

Now let Jo be any complex structure, which has loq as a Kahler form. Then 

Jt = A-^.hAt 

defines the desired lift of tot to complex structures. □ 
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We now provide a lifting construction for curves in n{G). 

Lemma 4.12. Let ui — {ujt) : / Q{G) be a continuous curve of non-degenerate G- 
invariant two-forms, and let J e S)(G), such that ujq is a Kcihler form for J. Then there 
exists a continuous curve J — [Jt) : I of G-invariant complex structures, 

with Jo = J, such that LUt is a KUhler form for Jt- 

Proof. Write LOt = At*uJo, as in the proof of Lemma [4.11l Then consider 

fit-I^ Hom(G, Sp(wo)) , 
which is given by fJ.t{g) — AtgA^^ , g £ G. Note here, since 

Gc Sp(c^t) = A"'Sp(a>o)^, 

we have that 

Ht{G) C Sp(wo) . 

Now let 

G = (GO : / - S)+ 

be the continuous curve of barycenters for ^t{G)J, with Go = J, as is con- 
structed in Proposition 14.141 The corresponding complex structures Gf are 
/Xt(G)-Lnvariant, and have Kahler form wq- Then it is clear that 

Jt = A^^GtAt 

is a family of complex structures, such that Jt G S)(G) and LOt is a Kahler form 
for Jt. (Remark that Jt is actually the G-barycenter of A^^J^At in 2)^^^ .) □ 

4.3.1 Deformation to polarisable complex structures 

We are now ready for the 

Proof of Proposition 14.21 Choose loq g ^(G), such that ujq is a Kahler form for J. 
Let Lo G r2(G)(Q) be a rational two-form near luq, and uj = (wt) : / fl{G) a 
continuous path in 17(G), such that wi — uj. Then define J = (Jt) to be the lift 
of UJ, with Jo = J, as in Lemma [4. 121 □ 

4.3.2 Density of polarisable complex structures 

We may slightly refine the proof of Proposition 14 . 1 1 to obtain: 

Proposition 4.13. The set of polarisable complex structures D {G)p is dense in D (G). 

Proof Let Jo £ S(G) with Kahler form ujq. Let S)(G) n [/ be a neighbourhood 
of Jo, where U is open in D. We show that !2)(G)p n C/ 7^ as follows: 

i) Consider the action of GL(n, R) on D by conjugation. Choose neighbour- 
hoods W ofle GL(n, R) and Ui c D of Jo such that WUi c U. 
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ii) By continuity of the symmetric space distance function d on (cf . ^14.41 , 
choose a metric ball Ue — B^{Jo) C with diameter r such that the ball 
Br+e{Jo) is contained in Ui. 

iii) Forg e G, consider the map tt^ : GL(n,R) -> D, A i-> AgA'^JoAg^^A^^. 
Since Jq € S(G), 7rg(l) = Jq. Choose an open neighbourhood We C W of 
1 e GL(n, R) such that, for all g e G, ng{W,) n S)+ C L/^. 

iv) Consider the quotient map : GL{n, M) il, where 7ro(l) = ljo- Since 
ttq is locally a projection, we may assume that = Z x V^, where K C is a 
neighbourhood of t^o arid Z is a neighbourhood of the identity in Sp(ti'o)- 

Now let u!i € Ve n ri(G)(Q) be a rational form, and join ujq and uii by a 
path (wt) : / ^ rJ(G) n V;. Using iv), we have a lift (At) : I ^ Ve C W^. Let 
/if(G) = AtGA^^. Then the orbit /it(G)Jo is contained in 2)+^. It follows by 
iii) that fit{G)Jo C C/e. Using the remark following Proposition 14. 141 it follows 
from ii) that the associated curve of barycenters G is contained in Ui . Moreover, 
since At G W , it follows by i) that the curve of G-invariant complex structures 
Jt ■ I ^ is contained in U. Therefore, Ji G [/ n D(G) is polarisable with 

Kahler form tJi. □ 

4.4 The barycenters of a continuous deformation 

Let G/ K be a symmetric space, where G is a real semisimple Lie group with 
finite center, and iiT is a maximal compact subgroup. The following fact is due 
to E. Cartan (see [8|[Chapter I, Theorem 13.5]): Let /i < G be a finite (or com- 
pact) subgroup. Then there exists a point s e G/K such that fjLs = s. 

We shall need the following refinement of Cartan's result. 

Proposition 4.14. Let ipt : I Hom(^, G) be a continuous deformation, where 
ifQ{g) = g, for all g £ Let q e G/K be a fixed point for fi. Then there exists a 
canonical continuous curve q — {qt) : / G/K with tpt{fi)qt — qt, and qo = q. 

For the proof of Proposition HjTH we need two elementary lemmata: 

Lemma 4.15. Let X be a compact metric space, and f : I x X R a continuous 
function, where I = [0, 1]. For t £ I, define 

f{t) = mm{f{t,q)\qeX} . 

Then / : I —^Ris continuous. 

Proof. As an infimum of continuous functions, / is upper semi-continuous. 
It remains to show that / is lower semi-continuous. That is, we show that 
given any sequence <,„ t, liminf /(i„j) > f{t). Assume to the contrary 
that lim/(i,„) < f(t), for some sequence Un t. We use the fact, that there 
exists a subsequence converging to liminf. Since the minimum of f{tm, •) is 
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assumed on X, there exist e X such that /(tm, 9m) = f{tm)- By compact- 
ness of X, we may therefore also assume that q„i ^ p £ X. By continuity of /, 
fitm) = /(im, Qm) f{t,p) > f{t). A Contradiction. □ 

Lemma 4.16. With the assumptions of Lemma 14.151 assume that the minimum f{t) 
is attained at a unique point qt £ X. Then the curve t ^ qt is continuous. 

Proof. It is clearly enough to show that every sequence tm t, has a subse- 
quence s„i such that qs^ qt- By Lemma [4.151 / is continuous. Therefore, 
f{tni,qtm) = him) —> f{t) = f{t,qt). Since X is compact, there exists a 
subsequence s™, such that p £ X. By continuity of /, f{t,p) — f{t), 

and, therefore, f{t,-) attains its minimum at p. Since, by our assumption, 
the minimum point is unique, we conclude that p ~ qt- Therefore, we have 
9s„ qt- □ 

Proof of Proposition \4.14\ Let d denote the distance function on the symmetric 
space G/K. By [8J [Chapter I,Theorem 13.5]), given pq £ X, the continuous 
function 

/:X^M,/(g)-^d2(g,5po) 

attains its minimum at a unique point qa £ G/K (the bary center of the orbit 
fipo)- Moreover, go £ G, where C is a compact ball around po containing /_* po- 
Therefore, the function 

f{t>q) ^^d'^{q,ft{9)po) 

satisfies the assumptions of the above two lemmata. Then the minimum point 
qt for ft is the barycenter for the orbit (pt{i.J,)po, and qt is a fixed point for (fitifJ-)- 
Thus, by Lemma r4.161 the curve of barycenters t ^ qt is continuous. Choosing, 
Po = q> we obtain qo = q, as required. □ 

Remark The ball G = G (po), which appears in the proof may be chosen as 
follows. Let Br{po) be a metric ball of radius r, which contains the orbit p,po, 
and let t denote its diameter. Then f{q) > f{po), for all q ^ Br+i{pQ). Thus, we 
may take G to be the closure of Br+e{po)- 



5 Fields of definition 

As we have seen, the set of polarisable complex structures 'Dp{G) is dense in the 
space of all G-invariant complex structures T>{G)- In the following, we explic- 
itly construct points in 'Dp{G) which have additional symmetry. For this, we 
employ the approach used by Johnson in |9| (also implicit in fT9l)- As an ad- 
vantage, we can deduce information about the fields of definition of the abelian 
varieties, which appear in the constructions in section 13] This leads us to the 
proof of Theorem |1.6l 
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5.1 Preliminaries 



We collect some basic material from the theory of abelian varieties. Our princi- 
pal references are [11] and l,23J . 

Field of definition for an abelian variety Let T = C^/ A be a complex torus, 
and 

End{T) {/ G End{C<^) | /A C A} 

the endomorphism ring of T. Recall that T is called an abelian variety if it em- 
beds holomorphically as a subvariety of a projective space. An abelian variety 
defined over a subfield fc of C is a complex projective variety X defined over k, 
which has an algebraic group structure defined over k. If T is biholomorphic 
to an abelian variety X defined over k, then we will say that T is defined over 
fc. Correspondingly, the endomorphism ring End{T) of T is said to be defined 
over k if its elements correspond to fc-defined algebraic automorphisms of X. 

The quotient of a projective variety by a finite group Let AT be a complex 
projective variety defined over a subfield k of C. We let A\itk{X) denote the 
group of fc-defined automorphisms of X. 

Lemma 5.1. Let Zbea complex projective variety defined over k and let G c Aut/j (Z) 
he a finite subgroup. Then the space of orbits Z/G admits the structure of a k-defined 
projective variety, and Z ^ Z/G is a finite morphism defined over k. 

Proof. For the standard proof see |18, §13] or |23, Ch. 4.3, Prop 16]. We briefly 
sketch a more specialised argument which works in the context of projective 
varieties. Let R be the homogeneous coordinate ring of Z. Then R = Rk ® 
where Rk is a finitely generated graded fc-algebra. According to Noether's the- 
orem, the algebra of invariants i?)? is a finitely generated graded fc-algebra. It 
follows that R'^ — R^ (g) C is a finitely generated C-algebra with fc-structure. To 
any such algebra A one can assign a scheme, called proj{A), such that pro j (A) 
is a projective variety defined over fc. See L15. p. 282]. Then Z/G ^ proj{R'^) 
is the desired quotient variety. □ 

Note that tt : Z ^ Z/G is a quotient in the categorical sense. This means, 
given any fc-defined morphism f : Z ^ Y, where F is a variety defined over 
fc, and / is constant on G-orbits, there exists a unique fc-defined morphism 
/ : Z/G Y such that / = /tt. 

Abelian varieties with complex multiplication A number field F is called a 
CM-field, if F is a totally imaginary quadratic extension of a totally real num- 
ber field E. In particular, we have [F : Q] = 2g for g = [E : Q] and F = E{a) for 
a totally imaginary a E F with a? E E. A choice of g non conjugate embeddings 
ipi : F ^ C, i = 1 , . . . , (7, is called a CM-type. It gives rise to an embedding 
if — {ipi)i^i,,,,^g : F which extends to an isomorphism $ : F §5q E — > C^. 
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Let The a complex torus, and EndQ{T) := End{T) ® Q. Then T is said 
to have complex multiplication by a CM-field F, if there exists an embedding 
l: F ^ Endq{T) such that 2g = 2dim{T). 

For any CM-field F one can construct an abelian variety with complex mul- 
tiplication by F. Let A be a lattice in F. Then (f>(A) c C is a lattice in C and 

Xf ■■= CV$(A) 

is a complex torus with F c End(^{XF)- Since Xp admits a polarisation (see 
fill Thm. 4.1] or [23, Ch. 6]), it is an abelian variety with complex multipli- 
cation by F. Since Xp has complex multiplication by a CM-field F, Xp and 
End{XF) may be defined over an algebraic number field k (see llli Ch.5; Prop. 
1.1] or L23J ). 

5.2 Q[G'] -modules with complex multiplication 

Let G be a finite group and let Vhea finite dimensional Q[G] -module. If there 
exists a homomorphism of rings F EndQ[G] {V), where F is a CM-field, we 
say that V has complex multiplication by F. 

Proposition 5.2. Let V be a Q[G]-module, which has complex multiplication by F. 
Then there exists a complex structure Jp on Vi^qR, such that F c End{V^QR, Jp) 
and Jp e End^[QT^{V ®q M). 

Proof. Choose a CM-type for F. By pulling back via $ : F ®q R ^ we 
obtain a complex structure on F ®q M. Since V is an F-module, V = F™, for 
some m e N. We let Jp denote the product complex structure on V ®q R. Then 
F C End{V (S)qM.,Jp). 

Write F = E{a), as above, and put 6 = e F. Let Ei := ipi{E). Note that 
b acts on F ®e- R by scalar multiplication with ^Piib). We have a G-invariant 
decomposition V (8)q R = V ®Ei With respect to this decomposition 

Jp acts as multiplication with a ® ^ ^ ^^^^ on each factor. Since a e Endf^<yQ^ {V), 

it follows that Jp is G-invariant. □ 

If V is an irreducible Q[G]-module then D = Endq^Q-^ {V) is a finite dimen- 
sional division algebra. Moreover, this division algebra admits a positive in- 
volution [9 Proof of Prop. 3.2]. By a classification of Albert either D contains 
a CM-field F or Z) is a totally real division algebra. (See [9,, §1; §3; Prop. 3.1], 
[22] and [1]). In the latter case, Endq^o] [V © V) has complex multiplication by 
a CM-field F. This has the following consequence: 

Proposition 5.3. Let V be a Q[G]-module such that V (Xiq R admits a G-invariant 
complex structure. Then there exists a decomposition of V into G-submodules Wj, 
such that Wj admits complex multiplication by a CM-field Fj. 

Proof. In fact, V ~ where Vi are irreducible (Q)[G] -modules. Since V ®q R 
admits a G-invariant complex structure J, the multiplicity of the Vi with totally 
real centraliser Endq^c] (^0 is even inV. □ 
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5.3 Kummer varieties 



Let A c V be a lattice, and J a complex structure on V (E)q M. We denote by 

Ta,j {V ®Q M, J) /A 
the associated complex torus. 

Proposition 5.4. Let V be a Q[G]-module, which has complex multiplication by F. 
Let Ac V be a G-invariant lattice. Then the associated complex torus T^^jf. and its 
endomorphism ring End{T\,jj^) may be defined over an algebraic number field k. In 
particular, the induced linear action ofG on Ta j^ is defined over k. 

Proof. As in the proof of Proposition 15.21 write y as a sum of 1-dimensional 
i^-vector subspaces Fj. By construction, Fj R is a Jp-subspace of V (g)Q M. 
Let Aj = A n Fj. Then A = 0jli A^ is a lattice in V, which is contained in A. 
Define Xj = T\.,jp . Then Xj is an abelian variety with complex multiplication 
by F, and 

m 

decomposes as a direct product of abelian varieties, which are defined over an 
algebraic number field. Therefore, and its endomorphism ring End{X)^ 
may be defined over an algebraic number field ko . 

Consider the covering X^ Xa- Since the elements of the finite kernel 
are algebraic over Xa and the covering map may be defined over an al- 
gebraic number field k (using the quotient lemma), k containing fco. Since 
G C EndQ{XfJ, there exists an ^ e N, such that £g G End{Xj^), and, there- 
fore, the linear action of £g on Xj^ is defined over k^. Hence we get a diagram 




where the upper and the downward maps are fc-defined. By the universal 
property of the quotient, ^5 G EndkiXx). By the Galois-criterion for rationality, 
it follows that also g E Endk{X\). □ 

Thus, the following is a consequence of Proposition l5.3l 

Proposition 5.5. Let V be a Q[G]-module, such that V (8)q M admits a G-invariant 
complex structure. Let A < V be a G-invariant lattice. Then there exists a complex 
structure J e 'D{G)p such that the complex torus Ta,j and its endomorphism ring 
End{T\_j) may be defined over an algebraic number field k. 

Note, as follows from the quotient lemma, that the geometric quotient 

K = Tk.,j/G 
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attains the structure of a /s-defined projective variety. It is called a Kummer- 
variety for G. 

Combining the last result with the proof of Proposition |3.2| we arrive at: 

Proposition 5.6. Let T be a virtually abelian Kahler group. Then there exists a non- 
singular complex projective variety X defined over a number field k with tti (X) = F. 

Proof. Let F be such a Kahler group, and A = Z*^ a normal subgroup with 
G = F/A. The characteristic representation p. oi G turns ^ = A (g)^ Q into a 
Q[G]-module. Since F is Kahler, V ®iq M has a G-invariant complex structure. 
We remark that F can be mapped homomorphically to k ^ G (analogously as 
in 101 and 0). 

As shown in Froposition l3.2l there exists a complex manifold X with tti {X) = 
F, such that 

X xY 

T X y 



X = (T X Y)IG 

are holomorphic coverings, where T = C'^/A is a complex torus. Note that G 
acts on T by affine transformations. The linear part of the action is given by 
the representation p : G ^ End{T). Using Proposition |S31 we may assume in 
the construction that T — T\,j is an abelian variety defined over an algebraic 
number field fep, such that the linear parts of G act by elements in Autfco(r). 
Moreover, as remarked above, since F splits over Q, the translation parts of 
the G-action may be assumed to be contained in the torsion group of Ta j. 
Therefore, there exists an algebraic number field k, such that G act by elements 
in Autfc(T). 

Note now that Y is also a complex projective variety defined over Q, with 
G C AutQ(F), see the proofs given in |18| or [20|. By Lemma |5lTl X is a projec- 
tive variety, which may be defined over the number field k. □ 
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